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ABSTRACT

Current meter records and hydrographic data taken in the Denmark Strait overflow during a one-month
experiment in August-September 1973 are analyzed. Mean conditions indicate that a strong, cold overflow
current existed throughout the experiment. The most outstanding feature of the velocity and temperature
spectra is a strong peak at a period of 1.8 days. These oscillations appear to amplify in the downstream
direction and are highly correlated over the entire flow at the southern end of the Strait. Phase estimates
indicate that velocity components are in quadrature, while the cross-stream perturbation heat flux acts to
reduce the mean potential energy associated with the sloping isotherms.

To explain the low-frequency variability, a quasi-geostrophic two-layer model for channel flow with a
sloping bottom is developed. Using measured values of shear and other physical parameters, the model is
found to be unstable over a limited range of wavelengths and frequencies. The most unstable wave is 80 km
long and has a period of 2.1 days in close agreement with peaks in the current meter spectra. Furthermore,
phase differences measured across the stream are found to be consistent with the propagation in the direction
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of the mean flow.

The study concludes with a discussion of finite-amplitude aspects of the instabilities,

1. Introduction

The overflow of Norwegian sea water through the
Denmark Strait is recognized as an important source
of North Atlantic Deep Water (Lee and Ellett, 1967).
Oceanographic observations in the vicinity of the
Denmark Strait have consistently revealed strong,
highly variable current velocities as well as large fluctu-
ations in composition of the overflow, In his pioneering
work, Cooper (1955) suggested that the variability he
observes in hydrographic sections south of the Strait
results from the intermittent passage of large boluses of
cold Norwegian sea water through the Strait. Harvey
(1961) observed the bottom temperature on the western
slope of the Strait to drop from 2.5°C to 0.1°C in a
period of 20 h and was able to trace the advancing
front of cold bottom water at a speed between 0.55
and 1.4 kt to a direction of roughly 255T. Recent in-
vestigations by Mann (1969) and Worthington (1969)
support the earlier observations. Worthington’s (1969)
records of temperature and velocity from a mooring
near the eastern edge of the overflow current show a
distinct bimodal distribution with water warmer than
4°C moving slowly northward and cold water (T'<4°C)
moving swiftly out of the Strait to the southwest. His
attempt to correlate the cold outbursts with meteoro-
logical conditions over the Norwegian Sea was unsuc-
cessful. Mann (1969) observed the thickness of the

1 A Bedford Institute contribution.
2 ICES Overflow 1973 Expedition Contribution No. 18.

overflow layer to change from 20 to 240 m in a period
of 24 h and attributes the variable composition of the
overflow to intermittency and turbulent mixing.

In the summer of 1973, scientists from the Bedford
Institute aboard CSS Liudson conducted an investiga-
tion of the Denmark Strait overflow as part of an
international experiment known as Overflow 73. The
goal of the Canadian team was to measure the temporal
and spatial variability of current velocity and water
mass properties in and around the Denmark Strait for
a period of one month. The purpose of the present
study is to analyze and interpret the distinct low-fre-
quency variability which was found in the records. The
model developed is that of a uniform two-layer channel
flow with a sloping bottom and has much in common
with previous models for ocean and atmospheric circula-
tions (Pedlosky, 1964; Orlanski, 1969; Blumsack and
Gierasch, 1972). The stability of this system with re-
spect to quasi-geostrophic disturbances will be investi-
gated using mean conditions observed just south of the
sill. The characteristics of the unstable baroclinic modes
are then compared to the experimental data. The major
difference between this and previous explanations of
the overflow variability is that no upstream or meteoro-
logical forcing is required. Rather a steady flow of
dense bottom water, driven by a constant upstream
head in the Norwegian Sea, is intensified as it is fun-
nelled through the Strait and becomes unstable hydro-
dynamically. As a result certain low-frequency fluctua-
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FiG. 1. Deployment of current meter moorings
in the Denmark Strait.

tions are found in the overflow current at the southern
end of the Strait.

A recent laboratory study of steady source flows
in rotating systems (Smith, 1975) indicates that in a
certain parameter range the finite-amplitude manifesta-
tion of these linear unstable waves is a continuous

train of discrete vortices which propagate in the direc--

tion of the stream. On the other hand, analytical solu-
tions for finite-amplitude baroclinic waves in a two-layer
channel flow (Pedlosky, 1972) exhibit both spatial and
temporal amplitude modulation in the form of wave
packets which resemble solitary waves. Each of these
separate results suggests that Cooper’s boluses may
indeed be the downstream signature of baroclinic in-
stability in the Denmark Strait.

2. Overflow *73—The Denmark Strait experiment

The major Canadian contribution to the measure-
ment program of Overflow ’73 consisted of 12 moorings
set in three lines across the axis of the flow as shown
in Fig. 1. The moorings were instrumented with 26
Aanderaa current meters to record speed, direction
and temperature every 15 min in the lower part of the
water column with the deepest meters positioned 13 m
above the bottom. The entire array was in place from
14 August to 15 September and the data return was
excellent with the exception of CMS which was lost
(Ross, 1974). For this study, attention will be focused
on results from the ‘“southern” (CM1-CM4) and
“northern” (CM6-CM9) current meter lines on either
side of the controlling sill whose depth is 600 m. In-
dividual meters will be referred to by a two-number
code indicating mooring and depth respectively; for
example (2,518) refers to the meter at a depth of 518 m
on mooring CM2.

While the moorings were in place, dense and repeated
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hydrographic surveys were conducted in the Denmark
Strait area. Representative temperature sections run
near the northern and southern mooring lines are
shown in Fig. 2. The locations of the current meters
are indicated by black dots, but their relation to the
bottom is distorted slightly due to depth variations
between the mooring and section lines.

North of the sill the warm Atlantic water found at
the surface on the eastern side of the Strait forms part
of the Irminger Current which flows north around
Iceland. On the western side, subzero temperatures
mark the cold, fresh water of the East Greenland
Current which flows southward along the Greenland
continental shelf. Below the surface currents (below
300 m) lies a layer of Arctic Intermediate Water with
temperatures and salinities between 0 and 1°C and
34.5 and 34.95%, respectively. The subzero water in
the deepest part of the section is identified as Norwegian
Deep Water. These water mass designations and their
locations within the section are the same as those of
Mann (1969).

At the southern end of the Strait, the overflow water
is distinguished by temperatures less than 2°C which
are found along the bottom on the western side of the
channel. A strong temperature contrast marks the
boundary between the overflow and the warm Atlantic
water above it. Again the subzero temperatures near
the surface on the extreme western side identify the
East Greenland Current. As Mann (1969) pointed out,
it is dimncult to trace individual water masses through
the Strait in detail due to turbulent mixing and en-
trainment within the Strait itself.

Fig. 3 shows the o sections corresponding to the
temperature sections of Fig. 2. Superimposed on the
density field are the average velocity vectors for the
whole experiment at all current meters. The velocity
component normal to each section line is plotted on the
vertical axis at each meter with “down” implying
toward the Atlantic Ocean. The northern section shows
a large mass of dense water in the center of the channel
but the current meters indicate small mean velocities.
The most significant velocities occur near the edges of
the Strait. On the western side, the isosteres near the
bottom bend upward to follow the bottom slope and
southward velocities of 12.3 and 16.1 cm s™ are ob-
served at CM6 mooring. On the eastern side, the
isosteres slope strongly down to the bottom and the
mean velocities at mooring CM9 show a current re-
versal with 7.8 cm s™ northward at the upper meter
and 21.7 cm s™! southward at the bottom. Note that
the density field and the sense of velocity shear are
consistent with geostrophy.

At the southern line, the isosteres are densely packed
near the bottom and are banked up against the western
slope of the channel. The mean velocities are much
stronger than at the northern line and are directed to
the southwest except for the upper two semsors on
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CM4. The greatest velocities occur at the bottom meter
on each mooring with the maximum of 60.1 cm s~ at
meter (3,665). Notice that water of the greatest density
found at the.southern section (o,>28.0) is available
from depths as shallow as 300 m at the northern line.
Thus there exists a strong driving head for the overflow
water at the north end of the Strait.

As noted earlier, the fields of temperature and density
presented in Figs. 2 and 3 are not stationary. The
profiles displayed in Fig. 4 give an indication of the
variability observed near the CM3 mooring during
the experiment. The STD stations from which the
data are taken were separated by two weeks. In that
time the position of the strong temperature and density
contrast within the water column dropped 200 m and
the average density of the overflow water decreased.
According to Mann’s (1969) observations, such changes
may occur over 24 h.,

Selected time series of temperature, speed and direc-
tion along with progressive vector diagrams from moor-
ing CM3 are presented in Fig. 5. The temperature
records indicate the presence of warm (6°C) water for
a progressively larger percentage of time as the meter
depth decreases. This pattern occurs consistently on
all moorings in the southern line. The rate and direction
records from the bottom meter on CM3 indicate that
the onset of warm water is accompanied by a change
in the current direction to the northwest quadrant. A
detailed examination of the velocity and temperature
records from all the bottom meters on the southern
line has been given by Ross (1974). He finds that de-
spite the evidence of warm spikes in each bottom tem-
perature record, at no time were all four instruments
simultaneously measuring temperatures in excess of
4°C.

The progressive vector plots indicate the strong mean
component of the velocity field at all meters on CM3.
The virtual displacements at the upper two meters are
roughly colinear in the direction of 260T. The maximum
displacement occurs at the bottom meter but its direc-
tion isrotated to 236T. Similar patters are evident at the
other moorings in the southern line except CM4 where
the upper two sensors show a weak net flow into the
Norwegian Sea.

Superimposed on the mean current at the southern
line is a distinct low-frequency variation which is
evident in all records, especially the temperature records
near the interface and the direction records at the
bottom meters. A similar signal was present in Worth-
ington’s (1969) records of temperature and velocity
from the eastern edge of the overflow at a depth of
761 m. The period of this oscillation as determined
from the direction record in Fig. 5 is between 1.5 and
2 days. Before discussing the spectral characteristics
of this low-frequency energy, the stability of the basic
flow will be investigated using a simple channel flow
model.
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F1c. 4. Temperature and density profiles from the southern
mooring line near CM3. STD stations (numbered sequentially)
are separated by two weeks.

3. The model

From the data presented in the previous section, it
is clear that a strong, highly variable overflow existed
in the Denmark Strait throughout the Overflow ’73
experiment. It is now possible to develop a simple
model which exhibits the essential physical features of
the baroclinic bottom current and investigate its sta-
bility. In a two-layer system, the flow in the bottom
layer is driven by the upstream head in the Norwegian
Sea and is assumed to be uniform and geostrophically
balanced across the stream. As the dense water passes
through the Strait, it is gradually set up against the
western bank as the current intensifies. If the shear
between the two layers exceeds a critical value, transi-
tion occurs and certain disturbances grow and propa-
gate downstream. For a limited downstream range, the
waves remain small, but as the perturbations amplify,
nonlinear effects eventually become important. The
extent of the linear regime depends on both the speed
of propagation and growth rate of the unstable
disturbances.

To simplify the stability analysis, the channel created
by the Strait is assumed to have a uniform cross section,
with a constant bottom slope « and vertical sides. The
geometry of the basic flow field is shown in Fig. 6. The
layer velocities are U; (¢=1, 2), the mean layer depths
are D; (=1, 2) and the channel walls are at y==4L/2.
The formulation of the linearized stability problem for
quasi-geostrophic disturbances in a viscous bottom
current on a beta plane is given in the Appendix. If
the variables are normalized by lower layer quantities
Dy, U,, and the cross-stream scale L, then expansion
for small Rossby number

U,
e=—<K1
fL
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| 4} (1+By) yields coupled equations for the perturbation pressure
i < fields:
d i}
(—"r U1—>[V2\l/1+’)’F (2—y1) ]
p' : U| ot ox
-~..~_ | +FB+y(Ur=1) W1 =0, (3.1)
Z2:=D,+¢(x,y,t) 9 a .
<‘—+—')CV2|I/2—F(%—%)]
o, U o odx
2,72 s
s s FFB—B— (U= 1)Woe=—1"s, (3.2)

F1c. 6. Geometry of two-layer bottom current model.

92 92
V=
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ox? 9y
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with lateral boundary conditions

Wi
~——=0, 1=1) 21 (33)
ox
1 = %
lim — ~——dx=0, at y=o1. (3.4)
z=>© 2% J _; Oyol

In addition to the Rossby number constraint, the pa-
rameters appearing in these equations are defined and
restricted as follows:

g-s f‘ZLZ

=" co@y r=—]

fU2 grD2

r=—<0(1) E= " (3.5)

2¢ D2
g:Daf cotd
)

fUz R Y J

where » is the constant eddy viscosity, g.= (Ap/p2)g is
reduced gravity, and (cotd/R), is the y projection of
the variation in Coriolis parameter.

The eigenfunctions for (3.1)-(3.4) are

Y1=Re[pde* ==t cos(mny)], (3.6)
¥o=Re[ 4@V cos(mmy)], (3.7)
m=1,2,. . ., where & is the downstream wavenumber,

A is the amplitude of the wave (both assumed real),
pw=p,+p; is the complex amplitude ratio and ¢= ¢+ 1c;
is the complex phase speed. Substitution into (3.1) and
(3.2) gives a quadratic equation for the phase speed ¢:

act+bc+4d=0, (3.8)
where

e=alat+y+1)
b=qi(a+1)+g:(aty) —a(Us+1) (a+v-+1)
d=q1g2—q1(a+1)— qug(a-i-7)+U1a(a+'y+1)f

and
a= (k2+m*r?)/F

p=B—y(1—U)
ra
Q2=ﬁ—B+(1—U1)+i;
The solution to (3.8)
3.9

b 1
c=¢,+ic;= ——=4—[b?*—4ad }},
2¢ 2a

together with the expressions for the complex amplitude
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components
Y
LB—B+(1—U1)](5,—1)+-E&-
pr=a+1+ Pe=tE , (3.10)
ra
—I;(Cr—l)—fﬁ“B‘f‘(l-—Ul)]Ci
ni= PyE , (3.11)
where

lc—1]2=(c,—1)*+c?,

specify the complete solution to the linear stability
problem.

The dependence of the eigenvalues c(k,m;8,B,U;,
v,F,7) on the external parameters of the system has
been thoroughly studied in other contexts. Therefore
only a few of the salient features will be brought out
by considering an example with typical conditions ob-
served at the southern current meter line in the Den-
mark Strait (see Table 1). For simplicity, the flow is
assumed inviscid with the upperlayeratrest (r=U;=0).
Calculations of the dispersion characteristics for the
mode 1 (m=1) instabilities are displayed in Fig. 7.

In this case, B~1= fU,/(g,s), a dimensionless measure
of the lower layer velocity and the shear at the inter-
face, has been plotted against wavelength. The inviscid
flow is unstable for B™' 2> 1, which implies that the shear
is greater than the geostrophic velocity based on the

TasLE 1. Physical constants and dimensionless parameters at
the southern mooring line

Part 1.
Physical Estimated
constant value Error Units
D, 400 4100 m
D, 150 + 50 m
L 100 + 30 km
&r 0.45 + 0.05 cm s72
s 001 =+ 0.003
f 1.3X10™¢ st
B —0.5X1078 cm™lg™!
v 0 + 10 cm? s7!
U, 0 - 10 cm §7!
U, 60 + 10 cm st
Part 2.
Dimensionless Value Error
F[=f2L%/g,.D;] 250 +100
Bl =g,s/fU:] 0.346 +0.040
U\[=U,/U:] 0 —-0.2
y[=D,/D:] 0.375 +0.175
e =U,/fL] 0.05 +0.03
E[ =»/fDs*] 0 +0.0003
r[=E/2¢] 0 +0.2




362 JOURNAL OF

MAXIMUM
INSTABILITY ;=

u .
Hsocon 2=60 cm/sec

0 ) 200 300 300

. A (KILOMETRES)

F1c. 7. Stability diagram for mode 1 channel flow instabilities
in the Denmark Strait. Parameters used are the nominal values
in Table 1.

slope g,s/ f, or equivalently the interface slope exceeds
the bottom slope. This criterion corresponds to Ped-
losky’s (1964) necessary condition for instability and
is shown by these calculations to be a sufficient condi-
tion also. For an estimated bottom velocity of 60 cm s,
the value of B! corresponds to a finite range of in-
stabilities. The growth rates are given inversely in
terms of 7;= f/(kc;), which represents the number of
inertial periods-required for the wave amplitude to
e-fold. The real frequencies o,=kc, for the unstable
waves (expressed in cycles per hour) are subtidal and
the wavelengths A=2xL/k are centered around 80 km.
The wavelength of the maximally unstable wave changes
little over the range of the shear parameter considered
[1< fU2/ (gs) < 3]. Hence the primary effect of increas-
ing U, is to increase the frequency o, and enhance the
growth rate.

Several other remarks about the model are pertinent.

1) The presence of a negative velocity (U;<0) in
the upper layer produces no significant change in wave-
length of the most unstable wave, but reduces its fre-
quency and increases the growth rate due to the en-
hanced shear. For U;= —0.2, reductions in both ¢, and
7 amount to roughly 209.

2) For small values of » (£0.5), unstable waves exist
for B-1<1 and extend over the entire range of wave-
lengths. However, the growth rates of these purely
viscous waves are more than an order of magnitude
lower than those of the maximum instability. Further-
more, viscosity has no measurable effect on the fre-
quency and wavelength of the most unstable wave and
its growth rate is diminished by less than 5%,.

3) The influence of the planetary vorticity gradient
(8 effect) is totally masked by topographic effects in
this parameter range. This result is anticipated from
the scaling since 8/B=0(10"2). The magnitude of
eFB (4.0, for this example) is order 1 not e indicating
that the assumption of small slope may not be valid.
However, the expression for the vertical velocity in-
duced by the bottom slope contains the cross-stream
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velocity component which is scaled by U,. Since the
basic geostrophic flow follows bottom contours, the
cross-stream velocities are overestimated by U,. Hence
the vertical velocities are small in spite of the strong
bottom slope.

4) With other parameters fixed, the first cross-stream
mode instabilities (#=1) have the largest growth rate.
For this example, the difference in 7; is 279, between
the first and second modes and 1049, between first and
third for the most unstable wave.

A derivation of the energy transformations for a
more general two-layer model including horizontal
shear in each layeér is also presented in the Appendix.
The equation governing the time rate-of-change of
perturbation energy [Eq. (A29)], in dimensional form
and neglecting dissipation, may be written as

19 _— — —_— S —
E ;(plD1u12+pzD2u22+APg¢'2) =p2f(Us—Uy)vagp’
2

— (01 D1 U 104101 +p2 Do U s uzvz),  (3.12)

where the prime denotes a perturbation quantity and

o 1 Li2 x
=- / f ( Ydudy.
AL 0

The first term on the right-hand side of (3.12) repre-
sents the transfer of energy from the available potential
energy of the mean flow into the perturbations. It is
the essence of baroclinic instability. The other terms
represent the transfer of energy between the mean flow
kinetic energy and the perturbations. The approxima-
tion of uniform flow within each layer (U,,=0, 1=1, 2)
in the present model eliminates the mean kinetic energy
as a source of perturbation energy. Hence the insta-
bility must be purely baroclinic. According to the scaled
energy transformations appearing in (A28), the ratio
of baroclinic to barotropic transfer in the general model
is F, the internal Froude number. Thus for the large
values of F in the Denmark Strait the neglect of shear
in U; is justified. This conclusion is supported by the
results of Hart (1974), who found no significant baro-
tropic energy transfer for F2>1 in his calculations of
the mixed stability problem for a shearing surface over
flat topography.

The model results in Fig. 7 suggest that baroclinic
instability is a possible source of low-frequency varia-
bility in the temperature and current meter records
from Denmark Strait. In the next section, the nature
of this variability will be examined in an attempt to
confirm this hypothesis. To facilitate the comparison,
certain dimensional forms are required. Expressions
for the perturbation velocity components are deter-
mined from derivatives of the pressure perturbations
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(3.6) and (3.7):

, mwd* mny
Uy = sin(—«—) cos (kx—o,l)e!
P2 L
, kA* mmwy
U= ——r cos(——-w) sin(kx—o,)evit
P2f L L
, (3.13)
, mwluld®  finwy
Uy = sin(——~) cos(kx—o,i+0)e*
PlfL I
. klulA* mmy
v =— cos(———) sin(kx—o 14 8)e”i
pifL L

where A¥*=p,fU>LA4 is the magnitude of the original
pressure perturbation and

|ul?=p2tn?; tand=pi/y,.

When the ampliication rate is weak (¢i/¢,<<1) the
downstream averaged perturbation kinetic energy com-
ponents in the lower layer, given by

, mirtAD, may
%pzDz <M2 )2 = Siﬂ2(—£—)62wt

4p, f2L2
, (3.14)
. kARD, my
309Dy (v 2= - C()S2<—-—)62""
4[)2_{2 L

are equivalent to time averages over one wave period
at a fixed point (x=0) for time ¢ following the onset of
instability.

4. Low-frequency variability in the Denmark Strait

The investigation of the low-frequency aspects of the

Denmark Strait overflow is focused on data from the .

southern mooring line. Interpretation of these data is
based on characteristics of the two-layer model insta-
bilities for the parameter range given in Table 1.
Physical constants at the southern line were estimated
from a survey of all the current meter and hydro-
graphic data taken there during the experiment with
the exception of the eddy viscosity whose value is con-
sidered reasonable for currents of this scale (Smith,
1973). The corresponding constants for the northern
section are somewhat different (e.g., lower velocities,
weaker density contrasts) but the net effect on the
maximum instability (lower frequencies, shorter wave-
lengths, smaller growth rates) is not detectable within
the overall uncertainty of the measurements and will
therefore be disregarded when referring to observations
at the northern line. The primary function of the linear-
ized stability analysis then is to provide a range of
unstable frequencies, wavelengths, growth rates, and
the associated phase relationships for solutions in the
parameter range given in Table 1.
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The direction of the mean velocity at the core of the
overflow is estimated at roughly 250T based on the
progressive vector displacements shown in Fig. 5.
Therefore for purposes of spectral analysis, the velocity
components will be resolved with respect to this direc-
tion, and downstream and cross-stream perturbations
will refer to components at 250T and 160T, respectively.

a. The spectra

The standard spectral analysis package at the Bed-
ford Institute (Dobson ef al., 1974) uses the fast Fourier
transform technique to determine the spectral content
of the velocity and temperature time series. The 15 min
data were analyzed and filtered in K non-overlapping
blocks (usually K=7) of 512 samples each and the
spectral estimates were derived from averages of the
Fourier coefficients over all blocks. At low frequencies
the spectral estimates had roughly 15 degrees of freedom
for which the 939, confidence limits are 0.55-2.4 times
the value (Munk ef al., 1959). However, the standard
deviation of spectral estimates among blocks, which
includes non-stationarity as well as random errors,
generally exceeds the 959, confidence limits. This indi-
cates that the variability at these frequencies is inter-
mittent. In the results which follow, the standard de-
viation of the low-frequency spectral peak is plotted as
a measure of the total error.

The spectra of velocity and temperature at mooring
CM3 are presented in Fig. 8. Estimates of frequency
times the total velocity spectrum (® =®,,+®,,), which
is invariant under rotation, show a strong peak of low-
frequency energy centered at ¢ =0.0231 cycle per hour
(cph) [1.8-day period]. The kinetic energy content in
this range is nearly the same for the upper two meters
but is much lower at the bottom meter. This reduction
is probably caused by attenuation of the velocity field
by the bottom boundary layer. There is also a weaker
but distinct peak near the semidiurnal tidal frequency
o,=0.0805 cph. The strength of temperature fluctua-
tions at these meters increases with distance from the
bottom as would be expected from the records of Fig. 5.
The temperature peaks are associated with the heaving
of the interface between the overflow and the 6°C
Atlantic water; they correspond to the kinetic energy
peak with the exception of (3,415). Note that the
attenuation of the temperature variability with depth
does not necessarily imply less vertical motion because
the deeper water tends to be more homogeneous.

The distributions of spectral energy at the other
moorings in the southern line are quite similar to that
at CM3, and the magnitudes are comparable except
for the upper meter on CM4 where the peaks are
smaller by afactor of 5. A summary of the low-frequency
kinetic energy content along lines parallel to the slope
is presented in Fig. 9. The estimates for $uu and &y,
were obtained by integrating the first four spectral .
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Fic. 8. Spectra of velocity and temperature at CM3: (a) fre-
quency times total velocity spectrum [o®=0(®y,+®B.0)], (b)
frequency times temperature spectrum.

values over the frequency band 0<¢<0.031 cph, e.g.,

4
5uu = Ao Z (q’uu)n,

n=1

As=0.00871 cph.

According to the model, the relative energy in the
average cross-stream and downstream velocity perturba-
tions are distributed as cos*(mwy/L) and (m?n%/k?)
Xsin?(mmy/L) across the stream. These functions cal-
culated for the maximum mode instability are plotted
at the bottom of Fig. 9. As predicted, the cross-stream
fluctuations reach a maximum in the center of the
channel and there is some evidence for intensification
of the downstream oscillations at the edges of the flow
particularly at the bottom. However, the measured
energy in the downstream component is much too large
relative to that of the cross-stream component. Thus
although the distribution of kinetic energy components
is qualitatively the same as that of a first-mode linear
wave, the partitioning of energy is distinctly different.
This result may be related to finite-amplitude char-
acteristics of the unstable waves as discussed in Sec-
tion 5.
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Unlike the records south of the sill, the measurements
along the northern line showed very little spectral
energy at low frequencies. With the exception of CMS6,
the northern moorings showed kinetic energy levels
reduced by an order of magnitude from those at the
southern line. At CM6, however, the bottom meter
(6,418), showed a low-frequency peak in the velocity
spectrum which is comparable to that observed at the
bottom on CM2. These two spectra along with those
from an upper sensor on each mooring are displayed in
Fig. 10a. In contrast to the bottom records, the down-
stream amplification observed between the upper
meters is striking. A gross measure of this amplification
is presented in Fig. 10b where the average low-fre-
quency kinetic energy level per sensor on each mooring
in the northern line is compared with that at the
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F16. 9. Low-frequency kinetic energy content at southern moor-
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southern line. The low-frequency kinetic energy
(®,u+P,,) is estimated as in Fig. 9.

b. Coherence and phase

The most energetic low-frequency oscillations at the
southern mooring line were found to be coherent hori-
zontally, vertically, and for different measurements at
the same meter. For seven data blocks (K=7) the
level of significant coherence at 959} confidence is
estimated (after Benignus, 1969) at 0.67 for the first
four bands and drops to 0.40 at ¢=0.0772 cph. In addi-
tion, phase errors may be estimated from the standard
deviation of the cospectrum and quadrature spectrum
among the blocks of data analyzed (see Dobson et al.,
1974). For diagrams in this section, the absence of a
phase estimate at some frequencies signifies that the
standard deviations of the cross-spectral components
exceeded their mean values.

Fig. 11 shows the coherence and phase between down-
stream and cross-stream velocity fluctuations at indi-
vidual meters on the southern line for frequencies <0.08
cph. In Fig. 11a the results for CM2 reveal coherences
in excess of 0.8 at a frequency of 0.0231 cph correspond-
ing to the peaks in the velocity spectra. The phase at
this frequency approaches 90° as the phase error bands
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tighten. Superimposed on this diagram are two over-
lapping bands indicating the range of frequencies for
unstable baroclinic waves. The outer (lightly shaded)
band includes all unstable frequencies for the param-
eters given in Table 1, while the inner (darker) band
depicts the range of instabilities with maximum growth
rate. According to expressions in (3.13), the phase
relationship between lower layer velocity components
for a mode 1 wave depends on the sign of sin(ry/L)
and is equal to —=/2 on the shallow side of the channel.
Thus, the velocity components at CM2 are coherent
at frequencies corresponding to model instabilities and
in quadrature with the proper sense for the observa-
tions on the upslope side of the overflow.

In Fig. 11b, similar results are displayed for the
bottom meters on moorings CM1, CM3 and CM4.
Notice that the phase estimates at CM1 are again near
—90°, as expected. However, the coherence at CM3 is
not significant and the phase estimates are erratic. This
might be expected near the core of the overflow where
the downstream perturbation velocity passes through
zero according to the model. At CM4, the coherence
rises again and there is one positive phase estimate at
0=0.0151 cph. However, the temperature record from
this meter shows that it was in the warm Atlantic
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F16. 11. Coherence and phase between velocity components:
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Horizontal bar indicates theoretical phase relation (—90°).] and
(b) bottom meters on CM1, CM3 and CM4. [ The 95%, confidence
level for coherence with K=7 (after Benignus, 1969) is shown
by the dotted line.]

water (T>4°C) for 32.79, of the time [as compared to
0.4%, and 2.39, at CM2 and CM3, respectively (Ross,
1974)] and this may have strongly influenced the
sample phases.

The coherence and phase between cross-stream ve-
locity and negative temperature perturbations corre-
sponding to posifive lower layer thickness anomalies
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are presented in Fig. 12. Very high coherences (>0.9)
are again found for low frequencies at all sensors on
CM2 in Fig. 12a where the frequency bands and phase
envelope corresponding to model instabilities are again
superimposed. The highest coherences are found at the
band of maximum growth rate and the corresponding
phase estimates for all depths fall near the theoretical
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Fic. 12. Negative cross-stream perturbation heat flux: (a) CM2
meters [Instability frequencies are shaded as in Fig. 11a. Cross
hatching about solid curve indicates theoretical phase envelope.]
and (b) meters near interface on CM1, CM3 and CM4. [The
95%, confidence level for coherence (K=7) is shown by the
dotted line.]
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phase envelope. Fig. 12b shows that similar patterns
occur 100 m off bottom on CM1 and CM3 and at the
bottom on CM4. Notice that coherence estimates in
the frequency range for unstable baroclinic waves are
consistently above the 95%, level of significance.

A summary of the negative perturbation heat flux
at the southern mooring line is displayed in Fig. 13.
The components of negative heat flux vector at low
frequencies are obtained by summing the contributions

to —u'T" and —o'T” from the first four frequency bands
(0<¢<0.0310 cph) in the spectrum. The resulting
vector, resolved at 250T, lies consistently to the right
of the mean velocity which is also plotted. Thus at
every meter in the southern line there is a net compo-
nent of negative perturbation heat flux across the
stream which is represented by the local mean veloci-
ties. This transfer is most intense at the interface be-
tween the overflow and warm Atlantic water and is
consistent with the conversion of mean available po-
tential energy of the sloping isotherms into the per-
turbation fields.

The coherence and phases between cross-stream ve-
locity components at the base of separate moorings in
the southern line is shown in Fig. 14. The peak co-
herence at low frequencies is greatest (~0.95) between
adjacent moorings and the corresponding phase esti-
mates are roughly —30°, When the moorings are sepa-
rated by one, the peak coherence drops to about 0.85
and the phase estimates lie between —60° and —80°.
With an average separation of 15 km between moorings,
these phase differences are consistent with the propaga-~
tion of an wuntilted 80 km model wave at an angle of
27° to the right of the normal to the section line or at
cm/ w2

M3 M4

200

IN METRES

DEPTH

1000+

F1c. 13. Negative perturbation heat flux and average velocity
vectors at southern mooring line for the negative perturbation
heat flux (—#’77, —o'T’) [solid lines], and the average velocity
(@,0) [dashed lines]. Numerals at tips of velocity vectors indicate
average temperatures over record.
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Fic. 14. Cross-stream coherence and phase between cross-
stream velocities at bottom meters. The 959, confidence level
for coherence (K=7) is shown by the dotted line.

240T. Notice from Fig. § that this is very nearly the
direction of the mean velocity at the bottom meter.
An attempt was made to measure the phase shift
between the cross-stream perturbation velocities in the
upper and lower layers by correlating the records from
the bottom and top meter on each mooring. These
results are displayed in Fig. 15 along with the frequency
range and predicted phases for the channel flow insta-
bilities. At moorings CM1, CM2 and CM3, the vertical
coherence is very high in the instability frequency band,
but at CM4 the coherence is insignificant. This is due
to the fact that the records from (4,286) were unusually
short (K=3) so the level of significance was higher
(0.92 at the lowest frequencies) than shown on the
figure. According to the channel flow model, the phase
difference between upper and lower layer velocities
approaches zero on the marginal stability curve and
dips to —40° near the maximum instability. The phase
differences from the overflow records, however, appear
to be slightly positive but not essentially different from
zero in the frequency band for instabilities. For moor-
ings CM1-CM3 the interpretation of these results as
phase shifts between layers may be at fault since it is
clear from the temperature records and progressive
vector diagrams of Fig. S that meter (3,413), for ex-
ample, is in the overflow for a large portion of the time.
The same is true for (1,287) and (2,275). On the other
hand, (4,286), with a mean temperature of 6°C, was
in the upper layer for a high percentage of the record,
but its shortness and low coherence limit its applica-
bility as an upper layer record. Furthermore (4,831)
was not in the overflow water for the entire record.
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Hence it is not possible to measure the phase relation-
ship between the two layers from these data.

Finally, the upstream coherence between cross-stream
velocities at the base of moorings CM1, CM2 and CM6
are presented in Fig. 16. The peak coherence (0.45)
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F16. 16. Coherence and phase between cross-stream velocities
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ing lines. The 959% confidence level for coherence (K= 7) is shown
by the dotted line.
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occurs at an instability frequency ¢=0.0231 cph, but is
not significant at the 959, confidence level. Further-
more, the phase differences show no particular trend
with frequency although the pattern for each correla-
tion is the same. No other correlations between records
on the northern and southern lines exhibit higher co-
herence in the frequency range for unstable baroclinic
waves, :

5. Conclusions

In summary, the overflow of Norwegian Sea water
through the Denmark Strait has been modeled as a
uniform, geostrophic bottom current in a straight
channel, and properties of the observed low-frequency
variability have been compared to those of the linear
unstable baroclinic waves which the system admits.
Oscillations in the unstable frequency bands are found
to be very energetic and highly coherent. The lower
layer velocity components are nearly in quadrature and
there is a distinct cross-stream component of the per-
turbation heat flux signifying the transformation of
mean potential energy associated with the sloping iso-
therms into the perturbations. Furthermore, cross-
stream phase lags are consistent with the detection of
the most unstable model wave propagating in the direc-
tion of the mean flow.

Despite the success of the linear model, several
aspects of the model and data'indicate that the limits
of its applicability may have been exceeded. Pedlosky
(1972) has shown that packets of unstable baroclinic
waves travel at the group speed defined by

_d(kc) B

2 (aF —m?n?) dc,
Cg= +

Cr1

dk I da

(5.1)

This quantity, easily computed from the numerical
solutions to the dispersion relation, has a value of 18
cm s™! for the maximally unstable model wave indi-
cated in Fig. 7. Using the corresponding growth rate
(6:=1.98X10~% s71), a simple calculation gives the
downstream e-folding scale for a perturbation

(5.2)

Hence the downstream extent of the linear regime is an
order of magnitude smaller than the distance between
the northern and southern lines (~150 km). Further-
more, there is evidence of strong nonlinearity in the
observations. For example, the 200 m difference in the
overflow layer depth illustrated in Fig. 4 would be
difficult to identify as a weak oscillation of the interface.

Although a rigorous treatment of finite-amplitude
effects is beyond the scope of the present investigation,
several inconsistencies between the linear model and
experimental results may be rationalized by reference
to Pedlosky’s (1970) analytical treatment of a similar
two-layer inviscid model. In Pedlosky’s case the layers
are of equal depth and the gradient in planetary vor-

xe=c¢,/0;=9.1 km.
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ticity (B-effect) rather than the bottom slope provides
the restoring force for wave motions. His solution for
the nonlinear growth of a uniform infinitesimal per-
turbation exhibits a limit cycle behavior (vacillation)
in which the amplitude of the unstable waves grows to
a maximum and decays periodically. Similarly, a spatial
modulation in amplitude occurs if the flow is perturbed
at a single location. In general, modulations in both
space and time are possible and the resulting wave
packet solutions resemble those for solitary waves.

From another standpoint, recent laboratory experi-
ments with two-layer jets on a slope in a rotating sys-
tem (Smith, 1975) have demonstrated that finite-
amplitude baroclinic instabilities in a steady source
flow may take the form of a train of discrete vortices
which propagate in the downstream direction. Although
a link between laboratory and theoretical finite-ampli-
tude results has not yet been established, either effect
would appear as amplitude oscillation to a fixed ob-
server and could explain the high degree of intermit-
tency found in the current meter records at low fre-
quencies. In addition, according to Pedlosky’s results,
the phase relationship between the two layers depends
on the rate of change of the amplitude of the unstable
wave. If the amplitude oscillates, the net effect over
several cycles may be zero phase shift between upper
and lower layers which would be consistent with the
results of Fig. 15. Moreover, the formation of a dis-
crete vortex would lead to stronger downstream wave
velocities than are present in the linear wave and would
produce a more even partitioning of perturbation
kinetic energy as indicated in Fig. 9. Finally, the loss
of significant coherence from the northern to the south-
ern mooring line in the Denmark Strait could result
from nonlinear interactions within the baroclinic wave
field and/or the generation of new instabilities along
the channel.

Present efforts are directed toward a detailed ex-
amination of the nonlinear aspects of the overflow
variability in an attempt to give quantitative support
to the above suggestions. The hope is to provide a
deeper insight into the inherent sources of low-frequency
oscillations in the Denmark Strait overflow and similar
bottom currents.
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APPENDIX

Derivation of Stability Equations and Associated
Energy Transformations

1. Stability equations

The linear stability problem for a two-layer channel
flow on a beta-plane is outlined below. The formulation
closely parallels that of Pedlosky (1970) and the reader
is referred to his paper for further discussion. The basic
flow field is sketched in Fig. 6. The velocity U; (i=1, 2)
in each layer is uniform, the mean layer depths are
D; (3=1, 2), and the channel walls are at y=o-L/2.
The upper surface at z=D;-+D, is a stress-free rigid
lid, the interface is at 2=D,y+¢(x,y,!), and the sloping
channel floor is at z=sy, where s=tana. The dimen-
sionless variables (primed) are defined as follows:

D,

(u,-,v,-,w,-) = U2 (ué,vé,&wé), 6 =f

(x’y7z) =L(x”y,’6zl)
P1=p1g(D1+Do—2)+p1Uo fLpY
Py=p1g(D1+D2—2)+pag:(Da—2)+p2 UsfLps, |

(A1)
Ap
&r=—"4
P2
l=L/U2tl
LU,
¢=d¢lr d=

& )

Then using the Boussinesq approximation and assum-
ing 6 and the Ekman number are small, the scaled
equations of motion may be written as (dropping
primes)

uiz+viy+wiz=0, (AZ)

E
é(“iz'l““i' Vui) - (1+€F5y)'0i= _?iz+_2‘“iz=’ (AS)

B
E(vit—}"ui' V”i)+ (1+€Fﬁy)“i= —Piv‘*‘;vi"’ (A4)
0=""Pi= (71:17 2)) (AS)
with boundary conditions
y+1
1. w=p=0 at z=—or) (A6)
Y
2. W= eF(¢,+ui¢,+vi¢,,) (’l«= 1, 2)
p2=p1+¢
at z=1+4¢F¢, (A7)
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3. wo=—eFBuster(vo.—uy,) at z=—eFBy, (A8)
4 2,=0 (i—1,2)
I at y=d3, (A9)
lim — f Ui, dx=
a0 PR P
where
U,
e=— (Rossby number)
fL
cotd
B= —( ) (beta effect, R =earth radius
6=latitude)
E= (Ekman number)
fD7?
L2 . (A10)
F= (internal Froude number)
frD2
D,
y=— (layer depth ratio)
D,
g5
B= (bottom slope parameter)
fU»
=E¥/2¢ (friction parameter) J

Notice that the vertical velocity at the bottom has
both a topographic component and a viscous component
resulting from Ekman suction. Also, note that the
value of 8 should not reflect the full variation of the
Coriolis parameter with latitude (§) but only its pro-
jection on the y axis.

For the case r< 1, the variables may be expanded in
powers of e At lowest order the flow is geostrophic
while at first order the vertically integrated vorticity
equations yield two coupled equations for the reduced
pressures p;:

a
-

i)
<"— Pz,,—“H??z

+1’1: )[V2P1+Fﬂy]=—'wi, (A11)

)[vzp1+F<a B)y]
—w,—rV;, (A12)

where

le]
W= <——P2,, +p2,— )(1’2—?1) (A13)

The pressures p; may then be decomposed into a mean
field plus a perturbation, i.e.,

pi(x,3,0) = — Uiy +a(x,y:),

=z 1. The resulting equations for the perturba-

(A14)

where U,
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tion pressures are

(at+U1 )[W¢1+7F(¢z—¢1)]

FFB+y(1~Un) W1.=0, (A1S)
a d
(—+_)[W1—F‘(¢2—\l/1)3
at  dx
+FB—B+(1—=Uy) 2= —rV¥s. (Al6)

The appropriate lateral boundary conditions at y=+44%

are
Yo, (A17)
= Al
dx
1 r= v=%
hm—/ Vip dx=0 (A18)
z >0 2x 2 y=—-}

2. Energy transformations

In order to identify all possible energy sources for
the perturbations, the energy transformations will be
derived for a general two-layer flow with horizontal
shear in each layer. The analysis essentially follows
that of Smith (1974).

- We define downstream and areal averages as

2wk - 3
(« >>=;/0 ( Yix; T >=f_% ( Ny, (AL9)

Because energy transformation occur at second order,
a more complete definition of the mean flow than in
(A14) is required to include time-varying second order
modifications, i.e.,

Pf(x_,y,i) =W.(y,0)+¥:i(x,9,0), (A20)

where

¥, (y;t) =<ps (x:y’t) >.
Notice that ¢, and its derivatives are periodic in x with
wavelength 2r/k.

Expressions for the average kinetic energy K and
available potential energy P of the mean flow are then

R=3( ", +43)

)
=-(‘I’z‘1’1)2

(A21)

whereas the perturbation kinetic K’ and available po-
tential P’ energies are given by

—1

K'= 7—2‘ ('plz2+‘//1y2) +% (¢212+'P2v2)

(A22)
F__
P’ =?(l//2—!//1)2
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Equations for the time rate of change of these quan-
tities are produced by computing

¥y (A1) 4T, (A12), (F:—T,)- (A13),

——ae e

The result may be expressed in concise form as

K

—at—={K’,K}—{K,P}—l—{bottom,]?}, (A23)
oP )

K’

7={P',K'} —{K' K} —{K' dissipation}, (A25)
apP! _

— =B (PR, (A26)

where the boundary conditions (A9) have been used
and the forms have been made symmetric (leaving the
balance unchanged) by adding and subtracting the
quantities [1—1/(2y) ¥ (w:;) and [1—1/(2y) Ww;
from the expressions for {K,P} and {K’,P'}, respec-
tively. The transfer terms appearing in (A23)-(A26)
are defined by

{K’:K} ='Y~1‘/’lz1/’ly‘1/1uu IZFI1 29 2

1
{K,P}= (\1,2_1i_\1,1) (ws)
2y

{P,P'} =F (¥2—¥1) Yo, 1 —2)

L. (A28)

{bottom, K} =r¥,¥,,,
(K’ dissipation) =— 2oyt +rPape, 1=t 4 )

The interpretation of these terms is discussed by Smith
(1974). They identify the sources, sinks and trans-
formations of energy which are possible in the shearing
two-layer model,
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The energy equation for the perturbations alone may
be obtained by combining (A25) and (A26) to give

d
BE(K,_H)I) =(P,P'}—(K' K}

—{K' dissipation}. (A29)

REFERENCES

Benignus, V. A., 1969: Estimation of the coherence spectrum
and its confidence interval using the fast Fourier transform.
IEEE Trans. Audio Electroacoustics, AU-17, 145-150.

Blumsack, S. L., and P. J. Gierasch, 1972: Mars: The effects of
topography on baroclinic instability. J. A¢mos. Sci., 29, 1081~
1089

Cooper, L. N. H., 1955: Deep water movements in the North
Atlantic as a link between climatic changes around Iceland
and biological productivity of the English Channel and Celtic
Sea. J. Marine Res., 14, 347-362.

Dobson, F., R. F. Brown and D. R. Chang, 1974: A set of pro-
grams for analysis of time series data including fast Fourier
transform spectral analysis. Rept. BI-C-74-2, Bedford In-
stitute of Oceanography, Dartmouth, Nova Scotia.

Hart, J. E., 1974: On the mixed stability problem for quasi-
geostrophic ocean currents. J. Phys. Oceanogr., 4, 349-356.

Harvey, J. G., 1961: Overflow of cold deep water across the
Iceland-Greenland Ridge. Nature, 189, 911-913.

Lee, A. J., and D. Ellett, 1967: On water masses of the northwest
Atlantic Ocean. Deep-Sea Res., 14, 183-190.

Mann, C. R., 1969: Temperature and salinity characteristics of
the Denmark Strait overflow. Deep-Sea Res., 16, Suppl.,
125-137.

Munk, W. H., F. F. Snodgrass and M. J. Tucker, 1959: Spectra
of low-frequency ocean waves. Bull. Scripps Inst. Oceanogr.,
7, 283-362.

Orlanski, I., 1969: The influence of bottom topography on the
stability of jets in a baroclinic fluid. J. Atmos. Sci., 26, 1216-
1232.

Pedlosky, J., 1964: The stability of currents in the atmosphere
and the ocean. Part 1. J. Aimos. Sei., 21, 201-219.

——, 1970: Finite-amplitude baroclinic waves. J. Aémos. Sei., 21,
15-30.

——, 1972: Finite-amplitude baroclinic wave packets. J. Atmos.
Sei., 29, 680-686.

Ross, C. K., 1974: Preliminary results of recent overflow mea-
surements in Denmark Strait. Presented at SCOR/SCAR
Polar Oceans Conference, Montreal, Canada.

Smith, P. C., 1973: The dynamics of bottom boundary currents
in the ocean. Ph.D. thesis, MIT.

——, 1975: Experiments with viscous source flows in rotating
systems. (Submitted to Geophys. Fluid Dyn.)

Smith, R. K., 1974: On limit cycles and vacillating baroclinic
waves. J. Aimos. Sci., 31, 2008-2011.

Worthington, L. V., 1969: An attempt to measure the volume
transport of Norwegian Sea overflow water through the
Denmark Strait. Deep-Sea Res., 16, Suppl., 421-432.



