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Fig. 7. Model momentum balance for a single tidal cycle 
of case I (E = 0.8, i,b = 0.25, i' = 0.1) at three locations: 
(a) the bore (see Fig. 6c) is weak near the mouth where 
nonlinear advection and friction balance the free surface 
slope; further landward (b and c) the slope term changes 
sign quickly at about t = 0.7, a bore passes then. ote the 
diminishing importance of the frictional term with 
landward position from (a) to (c). During the bore's 
passage friction and acceleration balance the slope and 
nonlinear advection term. 

upstream. The balance at x = 0.65 clearly shows 
that the bore's passage rapidly alters the momen­
tum balance; otherwise all terms are small and 
nearly constant. 

Case 2 represents a short, frictionally dominated 
estuary with e = 0.8, </J = 0.1, and y = 0.1. Fig. 8 
depicts model predictions of velocity, water level, 
and characteristics. Note that the -0.25 contour 
line does not advance far into the estuary. The 
nearly straight characteristics in Fig. 8c indicate 
that no tidal bore forms. The momentum balance 
(not shown) resembles that of the Conwy Estuary 
where the major balance was between the water 
surface slope and friction (hydraulic balance). 
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The velocity and water level contours in Fig. 6 
(case 1) and Fig. 8 (case 2) appear qualitatively 
similar, but exhibit two important differences. 

(a) The velocities are higher and change more 
rapidly in time and space for lower friction 
(case I); hence, nonlinear advection is more 
important in the momentum balance of case 1 
when compared with case 2. 

(b) A time averaged slope present in case 2 is 
weak in case 1. 

Tidal bores tend to form in estuaries where the 
frictional bottom stresses are relatively small. The 
two cases just discussed support this argument, 
since for high friction (case 2) no bore develops, 
but for low friction (case 1) a bore forms. Prandle 
(1985) supports this finding: he modeled the linear 
tidal response of the Bristol Channel, the Bay of 
Fundy, and 8 other estuaries. For the former two 
estuaries, where bores develop frequently, he used 
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Fig. 8. As Fig. 6, but for case 2 (E = 0.8, i,b = 0.1, y = 0.1). 
Shown are (a) velocity, (b) water level, and (c) charac­
teristic curves. As in Fig. 6, the flood currents are short in 
duration and high in magnitude. The negative water level 
contours do not advance far into the channel, therefore 
causing a strong time averaged free surface slope which is 
typical for hydraulic regimes. No bore is present, as the 
almost straight characteristics indicate. 
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a frictional coefficient which was an order of 
magnitude smaller than the coefficients in his other 
8 estuaries. However, his model does not account 
for nonlinearities and does not model bores. 

5.2.	 Moderately nonlinear flows: e = 0.4 

Cases 3 to 7 are representative examples of 
moderately nonlinear flows (e:= 1]0/H = 0.4), We 
vary the frictional parameter ¢J = LriLA first for 
geometrically short estuaries (1' = L g / LA = 0.1, 
cases 3-5) and then for geometrically longer 
estuaries (1' = 0.5, cases 6 and 7). 
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Fig. 9. Amplitude and phase propagation into the 
estuary of the forcing frequency constituent (T-tide, solid 
line) and its first harmonic (Tj2-tide, symbols): (a) case 3 
(0 = 0.4, tP = 0.1, l' = 0.1); (b) case 4 (0 = 0.4, tP = 0.25, 
l' = 0.1); and (c) case 5 (0 = 0,4, tP = 0,5, l' = 0.1). No bore 
develops in any of the cases, The amplitude of the T-tide 
increases with increasing tP (decreasing friction). As 
friction decreases from (a) to (c) the fundamental 
constituent and its first harmonic become phase locked, 

A common effect of nonlinearity in tidal flows is 
the production of temporal variations that repre­
sent harmonics of the basic forcing period T 
(Aubrey and Speer, 1985). Thus, we expect our 
model results to contain Fourier constituents of 
period T/2, T/3, etc. The amplitude distribution 
with x of the first harmonic constituent serves as 
an indicator of the strength of nonlinearity. 

Fig. 9 depicts the results of a harmonic analysis 
of water level for the forcing period T and its 
first harmonic of period T/2 for short estuaries 
(1' = 0.1). It shows the along channel phase and 
amplitude variation for cases 3, 4, and 5. Friction 
decreases successively as we increase ¢J from 0.1 to 
0.5. Solid lines represent the results for the T tide, 
whereas the dots represent those for the first har­
monic. The phase of the T/2 tide plotted is the local 
phase difference 8:= 8T - 28 m between the two 
periods analyzed, where 8T and 8m are the respec­
tive phases of the T- and T/2 tide. For case 3 
(Fig. 9a) friction quickly damps the amplitude of 
the T tide and keeps that of the T/2 tide small. For 
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Fig. 10, As Fig. 9 but for: (a) case 6 (0 = 0.4, tP = 0.25, 
l' = 0.5) and (b) case 7 (0 = 0.4, tP = 0.5, l' = 0.5). Bores 
develop in both cases since the characteristic curves (not 
shown) coalesce. The amplitude of the T-tide decreases in 
the middle part of the estuary and then increases in the 
upper parts. The phase difference between the T- and the 
Tj2-tides varies with position; therefore the two tides are 
not phase locked. 
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x*/ L g> 0.4 the T/2 tide is phase locked to the T 
tide, i.e. () is nearly constant. The amplitude of the 
T/2 tide increases greatly with upstream position 
in cases 4 and 5. However, the characteristics (not 
shown) do not coalesce and therefore no bores 
develop. 

Finally, we discuss a similar set of experiments 
for long estuaries, i.e., y = 0.5. Weak or marginal 
bore development occurs in case 6 (t/J = 0.25) and 
case 7 (t/J = 0.5) for which Fig. 10 depicts the 
amplitude and phase variations along the channel. 
For both cases, the amplitudes of the T tide at 
x*/L g = 0.6 reduce to less than 30 % of their value 
at the mouth. The amplitude of the T/2 tide 
increases and reaches a maximum where the Ttide 
has its minimum. The characteristic curves (not 
shown) coalesce in both cases, hence bore develop­
ment is evident for cases 6, 7. 

6. Summary 

Observations and modeling of barotropic 
estuarine tidal dynamics have shown that estuaries 
are not necessarily simple co-oscillations of the 
coastal oceans. During the last three decades much 
has been learnt about the physical mechanisms 
causing such nonlinear tidal motion (Kreiss, 1957; 
Le Blond, 1978; Aubrey and Speer, 1985) and tidal 
wave breaking (Abbott, 1956). In this study we 
have demonstrated that the tidal wave entering 
estuaries may undergo drastic distortions. We 
have also presented a unifying model of barotropic 
tides in estuaries, have defined the dimensionless 
parameters that govern them, and have modeled 
them numerically. 

A scaling analysis of the governing equations 
revealed that the following parameters govern 
barotropic tidal dynamics in estuaries: 

(1) e== r,o/H, the ratio between the tidal 
amplitude at the estuarine mouth and the mean 
depth in the estuary. This parameter indicates the 
nonlinearity of the estuary (Ianniello, 1977); 

(2) if> == LriL)., the ratio between the frictional 
and the tidal length scales; 

(3) y == Lg/L;., the ratio between the geometric 
and the tidal length scales. 
The last two parameters determine which term 
balances the free surface slope in the momentum 
balance. 
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In Fig. 11 we sketch the domain of different 
estuarine regimes in the three dimensional 
parameter space (e, t/J, y). It shows in particular the 
(e, t/J, y) co-ordinates for the seven cases studied 
in Section 5. We draw three different planes 
of e corresponding to nearly linear (e = 0.1), 
moderately nonlinear (e = 0.4), and highly non­
linear (e = 0.8) estuarine flows. We also sketch 
two surfaces marking the tentative boundaries 
between three dynamic regimes: damped tidal 
waves, hydraulic balances, and bores. Though 
approximate, these boundaries are based on the 
seven cases discussed as well as on many more not 
presented. By estimating the parameters (e, t/J, y) 
for a particular estuary one may thus predict the 
dynamic regime of that estuary in advance. 

The lowest e level (e = 0.1) and below is the 
domain of linear and weakly nonlinear tidal waves 
(Ianniello, 1977; Prandle, 1985). The symbol Lon 
this plane indicates the position of the linear test 
case used for model verification (Muenchow, 
1988). Only for large friction (t/J ~ 1) do we expect 
hydraulic responses here. The e = 0.4 level exhibits 
a variety of regimes for different length scale ratios 
t/J and y. For large friction (t/J < 0.1), we find 
hydraulic balances, while tidal bores are possible 
for if> and y both larger than 0.5. The domain 
between these regimes for e = 0.4 consists of non­
linearily distorted, but damped waves. Finally, for 
strongly nonlinear tidal responses (e = 0.8), either 
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Fig. II. Sketch of the dynamic regimes in parameter 
space (e, ¢>, i'). Each point in (e, ¢>, 1') space represents an 
estuary, i.e., Sand C indicate the position of the Severn 
and Conwy estuaries, L the linear test case, and x 
indicates the position of the eight numerical cases sum­
marized in Table I. 
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part of the (1), y) plane. The Conwy Estuary 
(£=0.8,1>=0.11, y=0.07; Section 4) and the 
Severn Estuary (£=0.8,1>=0.15, y=0.14; 
Muenchow, 1988) represent qualitatively different 
model responses, since only for the Severn model 
do bores develop. In contrast, the Conwy Estuary 
model displays hydraulic balance. The same dis­
tinction is found in observations of the two 
estuaries (Rowbotham, 1983). 
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